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ABSTRACT (s)
.. { ~A theoretical analysis is made of a Yash-•9o•et 4sing Xystem con-

taining photosensitive elements. For such a system to be highly
effective the trajectory of a targe+ missile must be known with a

considerable degree of accuracy. Several methods for determining the
trajectory are analyzed. Special cases of these methods are used to
obtain simple formulas, to be solved by an electronic computer, for
the firing-time Tf and the firing-poaition Yf of shaped-c'harges, the

jets of which render the target nor.lethal. An error analysis is made,
which, in effect, extends the analysis firo_ an ideal to an actual
sensing system. Resolving ability of the system iz discussed. Various

zrr~nL,.e:cnt.-; of the . -. tce. to provi.de special protective features
are considere •• 1. INTRODUCTION

For the automatic defense of armored fortifications, vehicles,
and vessels, such as bunkers, tanks, landing craft, etc., of which
tht armor provided is not sufficient to resist the lethal Power of a
range of target missiles, a Dash-Dot Sensing System has been proposed.
Throughout the report, when the word "target" is used it will refer to
the missile that is to be intercepted. In general, this system consists
of an arrangement of photosensitive elements or photo-detectors and
shaped-charges togeth-r with an electronic computer. Regarding the
activation of the detectors, the system may be active or passive as
suits the intended use. The active system is one in which the regions
observed by the detectors are illuminated by light sources contained
within the system. In the passive system, the illumination is provided
by external sources, e.g., the sun, atmospheric scattering of sunlight,
luminous targets, etc.

To indicate the purpose of each part of the system, it is desirable
to consider the system in operation. The target is assumed to be
traversing a rectilinear trajectory at uniform speed. The times of
passage of a sequence of detectors and the positions of these detectors
are observed. This information is transmitted to an electronic com-
puter. The computer calculates the shaped-charge firing-time Tf and

firing-position Yf, so that the shaped-charge jet can render the target
nonlethal.

The primary purpose of this report is to obtain formulas for the

firing-time Tf and the firing-position Yf of a shaped-charge in forms

which can be quickly solved by an electronic computer. A second purpose
is to determi!ne the simplest arrangement of detectors that will provide
the necessary and sufficient information required by the nomputer. A
third purpose is to give groupings of these simple arrangements which
will provide special protective features. Experimental work on the

SERET 5
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general detector andv ±riuped-'chargt arrangemelits, "n the operation
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2. DESCRIPTION OF ARMAMIEI AIND DETECTOR OF A
DASH-DOT SENSING SYSTEM2

To assist in describing the armament and the detectoroof a
Dash-Dot Sensing System, which may be used for the defense of forti-
fications, vehiclesand vessels, e.g., bunkers, taiks, l-..ding-craft,
etc., consider a schematic of such illustrated in Figure 1. Assume
that a side of the armored device is represented by. the wall W.
Making an angle 9 with the wall is a flat imaginary surface S; the
value of the angle 9 is arbitrary or may depend on a special arrange-
ment of the system as considered in section 6. The armament consists
of a row of equally spaced shaped-charges, in a straight line, OY, sit-
uated in the surface S. The row whi-ch may be attached to out-riggers,
not shown in Figure 1, is in general, parallel to the wall W and may be
some distance b from it. The length of the row will depend upon the
amount of protection required; in many cases, it may extend from one
end of the wall to the other or beyond. The axes of the shaped-
charges in a row are parallel to eac) o*.her and make an angle *4 with

normal A4. This normal lies in a plane determined by the axes of
the shaped-charges and is perpendicular to the straight line OY, that
is formed by the row. The plane, as thus determined, is referred to
as the shaped-charge or a-fence, and it makes an angle ý with a normral
to the surface S.

Attached to out-riggers (not shown in Figure 1) are several rows
in the surface S of equally spaced photosensitive detectors. These
rows are parallel to that of the shaped-charges. In general, there
need be, at most, only four rows of detectors located at various dis-
tances from the shaped-charges. The distance of the row farthest from
the shaped-charges is designated as so; the distance of the next or
second farthest as Sl; for the third row, s.; and the distance of the
fourth and nearest row as s;. Each detector is so designed that it
views a restricted region ol spa•ce, e.g., a cylindrical region coaxial
,ith the axis of the detector. As with the armament, the axes of
the detectors in each row are parallel to each other and make an angle

n with a normal n n. These normals lie in planes determined by the
axes of the detectors and are perpendicular to the straight lines which
are formed by the rows. In the first row -n - to; in the second row,

n= l; etc. In general, the I's have different values; restrictions
on their values are derived in section 3, which is devoted to the math-
ematical analysis. The planes.determined by the detector axes are
referred to as the detector fences, and they make various angles oý, with
the normal O to the surface S.

With respect to light sources, the system may be passive c- active.
In the passive syst.em, the illumination, the interception of which gives
rise to electri,!tl impulses by the detectors, is provided by sources ex-
ternal to the system, such as sunlight, luminous missiles, etc. For
the active system, the illumination is provided by the system. The
illumination is obtained from the most suitable arrangement. This may

SnnnSECRET .
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be flood-lighting of theregions ooserved by the detectors,
by strip-lighting to illumi•ate only individual rows of the
observed regions, or by illuminating the individual detector
observation regions by light'sources concomi.tant with the
detectors.

When operating, the system detects in succession the
passage of the different detector fences by a target approach-
ing the point P of the wall W. The time of activation and the
position of th2 detectors activated in each fence are fed to e
computer. As shown in the various figures, the trajectory ,f
the target is intersected by the lines of observation of the
detectors in the different rows. In actuality, this 's an
ideal, but possibly, rare situation. But for theoretical purposes

it will be assumed that whenever the target crosses a detector fence,
its longitudinal position in the fence is known, just es if a detector
had been in the correct position to observe the passage. The fact

that a detector is not correctly situated is considered in section 4.
Upon receiving the information from the detectors the computer pre-
'ilcts the firing-time Tf and the firing-position Yf of the appropriate
shaped-charges. Thus when the target crosses the shaped-charge fence
0, it is intercepted by :high~velocity metal Jets, from the appropriate
shaped-charges. This interception renders the target nonlethal to
the armored device.

In the analysis of the Dash-Dot Sensing System, it is shown that
under certain conditions, the system reduces to certain special cases.

Three of these cases are schematically illustrated in Figures 2a, 2b,
and 2c. The first of these cases, Figure 2a, arises from assuming
that all target trajectories are parallel 'o the surface S, that =

$11 =12 = 44 = 0, and that c0 = a2 = ý. Under these assum, ptions,
the a3-fence is not needed. For the second case, Fi ure 2b, all sim-

ilar angles are made numerically equal, that is, 0 2
-03, V4 = , and ao = a, = 1  = a5 =3. Under these conditions so

* can be made equal to sl, and B2 made equal to s3. With the third
case, Figure 2c, 44 is taken equal to zero, while all the other angles

Sremain the same as in the second case. In the second and third cases,
the detectors, instead of consisting of two separate rows in each fence,
can now be made to consist of one row, but with each detector observing

in th. two directions +0 and -4.
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M. MT4ATICAL ANALYSIS OF A DASH-DOT SENSING SYSTEM

3.1 Problams to be Solved

In this analysis of a Dash-Dut Sensing System, there -.re, in
generul, two problems to be solved. One problem is to determiLr the
firing-position Yf of the appropriate shaped-charge, and the other is

to determine the firing-time T. of that charge, so that its jet may
intercept the target when crossing the shaped-charge jet or a-fence.
It is desired to obtain the equations or formulas to these two problems
in forms suitable for rapid solving by an electronic computer.

3.2 Idealization and Coordinate System

The analysis of a Dash-Dot Sensing System made in this report
is based upon the determination of two points on the target trajectory
and the times of passage of those points. In analyzing the system, to

a first approximation, it is helpful to idealize ;he detector arid the

armament sections. This is done by assuming that the thicknesst. of:the
fences determined by the shaped-charge jets and by the fields of v- -w
of the detectors are infinitesimally thin and thus can be represented
by geometric planes. In this connection, it is also beinig assumed
that there is in each detector fence a detector observing the passage,
and in the 0-fence a properly situated shaped-charge. Actually this
is not the case, the detectors and shaped-charges being fixed in position
and having a finite spacing. This situation is considered in section 4.

Referring to Figure 1, the pl-ne determined by the outermost row of
detectors •-ill be designated as the S-fence, the next outermost row as

the a 1 -fence, the third row as the a 2 -fence, the fourth row as the a 3 -

fence, end that plane determined by the shaped-charge jeis as the 3-fence.
To further aid in the analysis, a Cartesian coordinate system is con-
structed in which the origin lies at one end of the row of shaped-charges.
The positive y-axis lies ,along the row of shaped-charges and intersects
their axes. 1he positive x-axis i.,j perpendicular to the y-axis and
extends in the direction of the detector fences. The z-axis is perpendi-
cular to the xy-p.lane, and the positive direction is on that side of the
xy-plane away from which the detectors and the shaped-charge jets are
directed.

3.3 Basic Equations

Since the target is assumed to be traversing a rectilinear
trajectory at uniform speed, then the trajectory is appropriately
described by the equation of a straight line. For the equation of the

13

SECRET
S ThbI fl0 .Ins In,,ormtINf athf1tsonf U nttennr ddMOW of Of Uni•td N wttit thIe m.sIII'1lof V 0 vp*iIsee . gags
6lU. .,,7e-. 7,A Its tMMf•ll 6 n k Of 0feonhsflt2 In In)' f ll to Po n" pro ft snN IVu law.



SECRET

line, it will prove convenient to use the parametric form. If ),
P, and v are taken as the direction cosines of the straight line
with respect to the x-, y- and z- axes, respectively, then the
parametric form of the equation is:

x - X, _ z - z' (1)
- D . ' E D , U D

where D, the parameter, is the distance from the point PVI (x',y,z')
to the point Pi& (x,y,z), and

2 2 2+2 +L + V =(2)

The distance D uay be given, for completeness, in the two forms:

[ +(x xI) 2  )2 21/2 (6)

and
D= V (t -t'). (4)m

The second form expresses the fact that the missile is moving with
uniform speed, where Vm is the speed.

In addition to the equations associated with the trajectory,
there are also needed the equations of the planes formed by the
idealized detector and shaped-charge jet fences. These equations are:

x0 =s + z0 tan a ' o fence,

x1  5 1 + z1 tan a, - fence,

x2 =s2 + z2 tan a2 , 0 2 -fence, (5)

x = 3 + z tan a3 , a 3 - fence,

x = z4 ta l, - fence.

The appropriate fence or plane for cach equation is illustrated in
Figure 1.
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Should the pxes of the detectors and the shaped-charges in
the different fences be set at various angles , to the xz-plane, then
the following auxciliary equations are required:

tan *9
Y0 Yo" + Z 0COS

tanr,2

tan,*2 (6)

y + 2 Cos •3

tan• 4
y3  y 3

1 + z3 COS

tan *4
Y4  1Y4" + z4 cos

The general form of these equations, derived in the appendix,
is given there by equation (23). In these equations, the y"'s are the
y-coordinates of the detectors and t~he shaped-charges.

3.4 Determination of the Shaý -Charge Firing-Positiou

The firing-position Y. of a shaped-charge is the y- coordinate
that a shaped-charge must have If its jet-is to intercept a target croi~sir'g
the 0-fence. This coordinate y" is given by the last equation of
equations (6)"

tan *4
Yf Y4 : Y4  z4 cos P ' (7)

where y4 and z4 are the y- and z- coordinates of the position of passage

of the p-fence by the target. To obtain y4 and z4, equations (1) are

employed, using two known points P1  (x 1 ' Y1, £l) and

P5 2x 3 , y3 , z 3 ) on the trajectory. These equations give

x3 - xI x4 - x1

- 13 14

Y53 " YI Y4 " Yl

15
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z3 - z z• -z1
z3 z1 z4 1

where, from equations (5),

' _4 tanp()

From the first two equations of equation (8), there is obtained

x4 X 1 D 1 (10)

__= ,-;

x 3 x 13

from the second two equations,

x4 = z4 '_1. (11)

for Y4, there"reYults

x4 - x.
'4

y-yl +- 3 (y 3 - yl (12)

In a similar way, making use of the first two and the last two equations
of equation (8), there-is obtained a relationship among the x's and z's.
Then making the oubstitution for x4 from equation (9) and solving for z

there is obtained

zl (x3 - x) - x(z 3 - zl)

=4 3 - l -(Z3 - t 1 (13)

The F'ubstitution of the values of y 4 and z 4 as given by equations (12)

and (13) into equation (7) gives the firing-position Yf of the appropriate
shaped-charge. The expression for Yf in terms of the coordinates u)f the

two determined points on the trajectoy, will not be written out, since,
as can .e readily shown, it iz quite lengthy.

3.4.1 Derivation of the Coordinates of the Trajectory Points

The coordinates of two points of the trajectory,
P1 = (X, y,) and P (x 3 , ), are derived in the appendix forSP1Yx , Yl3 =1 P$ YYSz

three different methods for determining the target trajectory. These

16 SECRE
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methods require, in general, the use of four detector fences. These

different methods will be referred to as the First Method or Method I,

tne Second Method or Method II, and the Third Method or Method III.

3.4.1.1 First Method for Determining the Trajectory

In the first mcthod there are four detector

fences of which two are parallel to eacih other and the other two are

transverse. The necessary and sufficient condition, tan a -

tan a = 0, for parallelism is illustrated in Figure 3. 4e coordinates

of thg first point P3 = (xl, yl, zl) are

x S sI + zI tan a, (14)

from equation (5);
tan *(

1 cOs a1l15

from equation (23) of the appendix;

so - sI (1 + k) + sa2 k1 (16)

(1 + k) (tan a1 - tan co)

.rom e.uatio. (, of the ap.. n.... k1 V

equation (20) of the appendix, and is

tI - t
k t o t0 (17)
1 t2 -t

For the second point P 3 E (x 3 ' Y3, z ), there is obtained, similarly,

x3 s 3 + z3 tan 3 , (18)

tan (19)

Y3  Y3 3* 5 cos a 3 '

Sso " 83(1 + k ) + s k 3  (20)
z- 3 (1 + k 3 ) 3 tan a3 - tan a0)

and ~ -

k -3 t 0(21)3 t 3

. W. 
17
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As shown in the appendix, there is no special

case, comparable to those for the second and third methods of determining

the trajectory, whereby the number of fences may be reduced in number.

A special case, of a sort, does arise if it is assumed that all the

trajectories are parallel to the surface S, aid that all the * angles

are equal to zero. Under these assumptions, there is needed only three

planes, two parallel and one transverse, to determine the trajectory.

This means that the z's are determined from equation (16), the x's
from equation (5), and the y's from equation (6).

3.4.1.2 Second Method for Determining the Trajectory

For the second method, there are, in general.

four fences of which two satisfy the condition:

tan *2 tan *0

sin a sin2 ° 71---

This condition is illustrated in Figure 5 and means that the

projections, of the lines of sight of the detectors in the a 0o- and a 2 -fences,

on the xy-plane are parallel. As a rezul-t, the coordinates of the first

point P1  (Xl' Yl Zl) are
tan 1k ta+41  tan 2 s

Yo l s+kl)+Y• o sin a 0 sin _ 21 sinG+ , (23)

C) si-n 1  sin a:)

for equation (2a) of the appendix;

y tan *1 (24)

Yl Y1 + (xl - Sl) sin a1

from equation (24) of the appendix;

Z Yl (25)1l tan a '

from equations (5); and k is given by equation (17). Similarly, there

is for P. , (x 3 , Y3 , z 3 ):
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-~ tun *0 tan i 3 - ktn4

+ uL;'(1k. -kr,- 3W i. * -7 1 a 3) uin a 2  2 3 irin a~
I3talrlt tun (26)

( I k.I- -l 7

x-

tZ, - tU
k3 t.,*t

'Therxjrutln fur the coordinatco (it thc., two
Lu. ~ ~ ~ ~ va nott Laetir unt,' uzoruuljderabiLy sInipli tied by chrosing Lipcecit

vilwll) For thit, Iime cit I n, k, '11d k, , and1 the! VIAIOL; oU sgnOU I lAVot V(iiJ
Ili pitrtl (altir, upui1 JiirtI 11F,

q G:

It,,

k, (

k6a

I, -Y'
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JY11
7 2 an-* (34)

OFne coordinates of P. become

x3 s3 + 2 tan (35

Y3 + 14 - sna(

Y3ý 2 (36)

z = __ Y''-4 Cos a (37)

3 2 1 Mn T

3.4.1.6 Third -ýcxhod. for DetermininK, thu T~etauýor-

For the third i Luciod, there are in rrI four
fences or which two satisfy the cobdition:

tan *2 tan*

Coso a Co a (3B)2 o

This condition is illustrated in Figure 6 and means that the projections,
of the ines of sight of the detectors. in the ao and a 2- fences, on the

P a (x,, y,, zl) are

x1= s 1 + z1tan a1, (39)

from equations (5);

y + z an *1(40)

from equations (6);

- y" (1 + k)+k yt
o 1 11 (41)

1 tan*. tan*\
(1+ki) co, 'J - cos 0
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frouu equa~tio'n (37) of the appendix; anid k i given 'by equatlton (17).
S3~lml~±-ly, the cocrlinatets of' the accond point P3 a (x~,y 7  arc

x a 3 %+ z tail a 3 , (42)

tail
+, (46)

Y 3'T,

6-l (44)
'~~~1 ~(tall ', 111

k (411)

rux' tti47 ' girdliuitaem (if the Lv( po Iiau uzi the trajcctory C'PIIL tlfý 'ontildt'ved Iy
e4lLnjlljIrlo-i by Nitxioowitg s#e-ai viluo-ii fur tht- timeo rutlum, k dILA n

the~ V'arluu IM13g1'.i Lrm0vnrd. In piwrtir~ulur, I' the v.Llucu igIv'n by
C4 1u1,I ¶o, (3(j) mu', uwi, uai, t'rt~iwuILtwtte (Jr v tbetofl

+ It I %. , *ý

Y ,,

(48i

x k) ____ (49)

+

2
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iY; cosa

Cos a(51)
3 2 tan * -

3.4.2 Determination of the Coordinates of the Point of
Passage of the Shaped-Charge Fence

Tc *2.tL the coordirates, in the general case, of the
point of passage of the shaped-charge fence by the target, the general
expressions for the coordinates of the two points, Pi and P are used.

The values are uz=.d with equation (13) to give z4 - this value of z4 is

used in equation (9) to give x4 in terms of the general coordinates.

Upon substituting this value of x4 and the values of the x- and y-

coordinates of the two points into equation (12), the value of y4 is

obtained.

3.4.2.1 Point of Passage of Shaped-Caarge Fence, Using
Special Case of Method I.

The expressions for the coordinates of the point
of passage of the shaped-charge fence can be simplified considerably by
assuming special target trajectories or using 3pecial methods for deTermin-
ing the trajectory. The first method for determining the trajectory
yields simple formulas for the coordinates of the point of passage of the
P- or shaped-charge fence, if the trajectories are assumed to be parallelto the surface S, that is parallel to tIn-,"" I.f %6 -- -"J. $I = n=

&__ ' - 1T4 T2 - l Ti -Y0 - P

and if a = a2 = Qo" The condition that the trajectories be parallel to the

xy- plane means that z4 = z2 = zI = z . Under these conditions, it is not

necessary to use the a3 - or fourth detector fence, for the first three

fences give sufficient information. From equations (13), (16) and (17)
there is obtained

a- - t -1 sl2 tI - toz4 = % 12)
4 tana tan a 2 + t tan tan a t2 + t1

and from equation (9) and equation (52),

(so-S 1 tan 21 t2-tI (Sl-S2) tan 0Lo t10to
x4= tan 6 t t+t tan'aI - tango t2+t 1

As the fourth detector fence is now omitted,
equation (12) can no longer be used since x3 and y3 are unknown. By
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follo-wIng the uaane procedwca wi wa&a umed to derive egup.. on (i2), but
usling the puinLw P and P)there to obtailned

0

Y- V + -4 (yv-y (b4)
4 o x2 - - o

U~pon muking tho proper nubiititution from~ eqi~ationr. (.5) and (b3),

y Yo- y
4 (' U 10 a.

3. 4.2.~ 2point of Panisage of Mae-Charge ence,

kindl o nce. the- UJW tl~ iii ijvo (if the us. orid wd Us ird rnethudii fur
dscteriinIlsg tile trajer'tory are' tdentica.1, then fur thessi two niethixda the
roordInkitem of P 4 becowe

U lýa Y';-Y!! ri~a Iý n a Y
4 (U4 -- 7w 7' 2 .5) tkul] 2

z I UCOU a 13('105 a ~ L
5. 4.3 Iktermitiat oni of 8 -p.I . t'C ;'rjr -J'o itj 11i

Ilie ahaped-cheirgte frirng-positiorn YP, in the general.

r,ýuie, it. obtained by subutituting the, general valup~ii of y, ill z,, Into

equation YU). To -1V ai- n~ t~~ - -huf, 'Ir oaIt 6UZ ý14 t h r- it~V t T4 0 V iU

p,ýtrailel to tile xy-pladw suid ure- deteywained by thle firsit method, it ifo
to boe noted Lhat Iii equat~ron 1(7) * 4 - 0 and thut. from equation (t54)
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Yfy 4  82 d Y (60)
f Y4 so - 2 Y2 so - s2 0

If the special cases of the second and tnird methods are used, then
substituting the values of Y4 and z 4 from equations (58) and (59)
into equation (7),

S -s ?Y Iy'-y" tan
1B2 2_ tl 4

5 - tan*6)

1 3

*f S-S =±* tan *4
8s!-sa3 L 22 tan*

Foi-aqualo # there are the two specimsA a-Ol itivons

4 (62)

ana.

*4 0 .(63)

if condition (6-91 _
4

2 ~~ +,,~(Z 1

y_= ; 13 22.
1 3 L _ . '_

s5 + Yo it Y

Fi ls L + _J _ ".=±*" (64)

If condition (63) is used, equation (61) becomes

1 yt +33 _yt +_

Yf = 2S 3-S 2 s 3' *4 = 0. (65)

3.5 Determination of Shaped-Charge Firing-Time

The second problem to solve is the determination of the firing-
time T of the appropriate shaped-charge, so that its Jet will intercept
the target when crossing the p-fence. For the firing-time Tf, the
gencral formula is

Tf = t 4 - -6; (66)

S.te 
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where t 4ias the timre of paieouge of the fence by the- target;

TV is the intterva~l of time require& by the jet to traverse the
distance from the chaped-chalge to the target in the P- fence;
and 0 is a6 time interval retullil~ ~iectiveiy, all Other
timeit deaysi Inheren~t in the syutem.

Froui e.iuatluniu (1.) fuid (4), there a~rereudi ly obtuined
the formi~tazti:

x -x

ý4`ti+ - x1 ( 3 t 1

3 1K

tAr thu *tie~ 4uu -w ti-ed 6

For ai .n ci1uott The simple geurnetri cal relationiships; exi suing

betweeni n le Z- cuordlizatt- of the point of pausuigo of tlhe 0pfll-.

kua ~ the di s~twieu betweeni theý 41ppiopriatr nhfeped-chargv, ruir the!

point of m~isinle passagew,, In Qthe 0- frnoe, permita the trwjiu;t-I.ImeL
trV toc su -ui,iy eutaincid. khr #.xwuple, cuuiu~ldvtiA~j ilgsite 4, Ji

nw taking the! pirn(,e of the, angie U,

1z, 4 (4
and

whe rt: I4Li the disntayrce ft ajn tltV x.y- ~Ifan!' to the. poin~t.r, U'l pit IwO

Py f In ahgP rrum Uthese two Ult l'n, hre Its objtul gild

(I - ('10)
4 cotS fi ros

incee the txtlJALI ,- tilme T, by defli I t Ion, I i

where V V.li thae velocity of Uthe shped-ch~arge jet, then outing t-he

výAlue oft q44 fro.,. equatIona (70O) In equutioni ( 7 i),

*See Appendix for Figure 4.

28 aw



Thus the firing-time Tf as given by equation (66), using equations
(67) and (72) can be determined in terms of the positions and the

times of passage of the detector fences.

3.5.1 Determination of Transit Time for Special Cases

For the special case using Method I, P = ao

and *4 0 O. This gives, together with the value of z4 from equation

(52), for the transit time,

s -6s t2 - t

0 1 2 1 (73)V c Cos a0 (tan ai-tana ) t 2 + t

Sl 1 s2 ti - to

Vc cos ao0(tan tana) 0 2 +-i

For the special cases, using Methods II and III, a 3 = a = a.0

With *4 = ±4 and using the value of z4 from equation (58), equation (72)

gives ,- ,
s ____ __ _- Y!-

V s -s )sin* 2 V (s a )Sin* 2 (74a)
c 1 3 c 1 3

If *4 ' O3

(sl-s 3 )VctaZn 2 (SI-s 3 )Vctan* 2 (74b)

3.5.2 Determination of Time of Passage of Shaped-Charge
Fence for Special Cases

To determine the time of passage of the shaned-charge
fence for the special case of Method I, the conditionsare 1 = a2 = ao

""- *4 *2 = i *o = 0. Under these conditions equations (67b)

and (5) give

t4 s t t (75a)
4 o2 5 o52 0

or
S

t to + 0 (t 2 - t) • (75b)

29
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To obtain t4 for the special cases of Method II and

III, equations (57, (49)r.j&.6) are uWed. These give from equa-t'•ons (57) ands 4•(6, -''•3 y-,-, si,•

X4  T s - - (?Va

and from equations (49) and (46),

1-- 14 -y"3 2  "- ,,I sin a 0

x-xl = -(:'- 5 3) +

Upon substituting the values of these differences into equw.ions

(67A),
s1

t = t1 + s---- (t 3 - tl). (78)

..5Dete ntion of ,.,,..pad4Cag ,.rng•. ... f'_,•

S"Pecial Cases

Upon substituting the value of v from equation (73)

and the value of t from equation (75) into equation (66), there. is

obtained, for the special case of Method I, for the firing-time,

T f = 0o + So0.S2 (t2"to0)

0 2
- s t - t

o 2 1 (79)

V c(tan a 1 -tana 0 )COs a 0 + ti

V- s2 tI - to0

+V(tan al'tana0)cos a 0 8 + t 1

For the special cases of Methods II and III there is

obtained, upon substituting the value of r from equation (74a) and

the value of t 4 from equation (78) into equation (66;, for the

firing-time

Tf = t1 + a' (t 3 -ht) - s n * 2 (80a)

s3 
'+ (-) Vcsin* 2 4
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With the -'alue of 'rfrom equation (74b),

3- 1

1 6.$ 0.

3.1) W1umwy of' S3pecial Cauvo

In vuuy the 'p,-ir~i -asn-3 tj~ri r- t~rk~jpoft'r1.
purillel to the xy-plwie wheii nulntg Method 1, wid & gystem congistIng
(it' two dIe'trtor 1nerio and onec tIspd-chturiL-u jet fence when 'JBir44L
Methodu II axkd Ill.

,Ipet~i&& c(ocL 1: In thlu ctioe thc-n- are three detector
fencenu of which tWo are puarallr') tu fe-uth uthur' wnd the third io
trunuvervely pruoe~d with resptect tc. the two. All the * unpoes of
thie detecturs are zr'ro, thacto iU txue of Eilpht of h e~etoui
eac row are mrpt-ruenI1 oulIt-~ to that. row. Alui;( 1he * Aungleu (i -Lhe
ohiajed-eaharge jet uxiise ure zero, and 0 ýe ai . . 7,Iie mtiulgle

trLjecturieuI tire tti ,uir'd Lo be -ý-rle to the uurfkac 101 or the
xy-ji 1wie'. UsizLer thf~br 4iirv. It.io¼LjT, the frir fg.-}oni ti on I o

athid the I'll, I lig-L I IIII' II

a, Li t1 y o ýaI

a-l t L1

vtS1 tful a 77) ý 11 + t7u

~1eI a (tie IIii II luLtruted In Figuroe ~L

Opticjli, Cuuti [I1: In tikllu cau, which Iv' derived Trotx
M4I.Jwdu 11 i uid I1.U, the:rv aue two detetvtor fecn.Ees ax.1 one. Ohapved-

reupect toc the nrionaj. to the xy-pltiwie. !to edLh detector VtceLC eIach
detuctor obioerveu In two ditcL~utno - the wnglu y ,~ `--. ilrrvttoj
I " * an tha t oif Lthe otký r 1t' - *v - Iere- tur tWo arr.toAlgeentil Uf'

the uhapfed-chcxge jetu. In ouri the axe' )f the ahupe~cl-chuirget Yrute
an "nge ± *with MIL normal to the u3huj d-charge row. In the cther
the w~ige * iii equal to zero. For * = *' = -*,-*ý,--*,ad*

tfr, thti firing-polt~ton, from equtttiUN (64), it'

s~ci~r31
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LI 1 (83-64)

LI r ~ *

For the firing-time, from equation (804),

f 1 ti 1.4 Y mi

MhII upt-clai cauje of MetJhodca 11 and 111 14 '1111jitI.rated In kllpro ~.
-y+ U, Lhen, from equuLtluri (6b),

Y!5 + u y + y~p

f U3 z. 3

z~ ro Eqrt +or (U3 C ) O (I-d)cIj

'i1- aI -- t of --~t u-l 3) tm," 1 i u1tv Ft- ig ,L
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4. ERROR ANALYSIS

4.1 Approximating the Operation of an Actual System.

The operation of an actual system may be approximated by
analyzing asn ideal system incorporating errors. These errors arise
from those inherent in the computer and in variationt in the dtta
fed to the computer. Regarding these errors, it will be assumed
that those inherent in the computer have the same weight as those
due to variations of the coordinates of the points of passage of the
fences by the target. Thus variations in all terms containing the
factor l/V€ will'be considered as being negligible; alo it will be
assumed that all determinations of times of passage are very precise
and any variations in time are due to variations of the coordinates
of the points of passage of the fences.

Uuder uhz-c azs-u"-ti+n and if in case II. t, and tz are
changed to to and t 2 respectively, and if al and s3 are changed to
sO and 84 respectively, then dase I and case II become, from an error
viewpoint, identical. Consequently only cL.se I will be analyzed in
detail. The error in firing-position Yf, due to small variations of
the various parameters, is given by the total differential of Yf
(equation (81)). As can be shown

-dYfi jy2 -yj 2 + Idyl, (87)
x1-a

where IdYfImax is the maximum absolute error in the firing-positlon Yf,

Iy2 - y0l is the absolute value of the difference of the ideal coordinates

of the positions of passage in the two fences; a is the ratio of the
distance s2 of the second fence and the distance so of the first fence
from the shaped-charges; and Idyl is the absolute value of the variations
of the ideal coordinates of the points of passage. The maximum absolute
values of ds 0 and ds 2 are assumed equal to each other; the same assump-
tion ic made also with respect to dy0 and dy 2.

Instead of determining errors in the firing-time Tf, it is
preferable to determine those in t4, the time of passage of the shaped-
charge fence, since variations in those terms containing the factor l/Vc
are assumed to be negligible. Thus there is obtained for the error in the
time of passage of the shaped-charge jet fence,

Idt4max = 2 t4 (88)

In this formula, a and Ids/sol have the same meanings as in equation
(87). If the errors in the computer can bc neglected, then the value of
Idt4lmax as given by equation (88) will be reduced one-half.
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Fi•ures 7 and 8 are graph3 which may be used to readily
-evaluate equation (87). These graphs were .constructed by separst-
ing equation (P"(- into two parts. Figure 7 gives IdYf/y 2 -yOl as a

function of a with Ids/sol considered ea u parameter and Idyj = 0.
Figure 8 gives IdYf/dYl as a function of a with Ids/sol - 0. Figure

9 illustrates equation (88), where Idt 4 /t4I is plotted against a.

It is to be noted that equations (87) and (88) .ke into
consideration errors arising due to the target being detected be 0 --

after the ideal fence, and to either side of a detector. If, as
probably is the actual case, the errors in passage can be biased to
the entering side of the fences and if an averaging circuit is used to
determine the lateral points of passage, then errors in t 4 and in Yf
can be reduced considerably.

4.2 Exampl: of Errors

As an example in the use of these graphs, consider a target
having a velocity of 6 x 104 cm/sec; take a = s2/so = 0.30; take
Ids/soI = 0.010, Idyl = 5c:, ly5 - 500 cm; ad tj = 8 j x 10-3

sec. From Figure 7, there is obtained

SdYE =14 x o-: (89)

the subscript l referring to the first part of the error in dYf and 2
referring to the second part.

Since ly - y -00 cm, then IdYfI 1 = 4.2 cm. From Figure

8, for a o0.0, IdYf/dy 2 1 1.84. Since Idy = 5 cm, then IdYfl 2 1

* 9.2 cm. Upon coibining the two parts, there is obtained

dYfJma=IdYf l + IdYfI 2 , (90)

giving IdYfImax = 13.4 cm or dY = m 13.4 cm.

With respect to the time of jassage t, Figre 9 is used. For
a = 0.30 and Ids/s 0o 0.010, ldt4 /t 4  x = 57x I0". Since t4 =

8.5 x 10' sec, then idt 4 1 a = 3.145 x 10'sec.

Let D be the distance along the targ'•t trajectory; then since

dD = Vm dt4  (91)

- (6 x lo 4 x (3.145 x 10'04
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IdD,? 18.87 cm (92)
.max

or
dD_. ± 18,87 c• (95)

It' tve errors inherent lii the computer can be neglected, then

dDm~x - ± 9.±It cm. (94)

If, ati hns been roted, the er'rora in points of r•ssage can be bitued
and t.vermi'd], then the error;; In Y., t4 awl J; -uw be reduced ron.-,~ sder'ubl~y.
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V. RESOLVIIJ ABILITY)0F A DASH-DOT SENSING SYSTDM

To make, a Dash-Dot Sensing System highly effective, it must have
the ability to distinguish several targets passing, at most, the
fences simultaneously but having different positions 'of passage. This
ability is defined a3 the resolving ability of the system.'. The sys-
tem analyzed in this report does not have this ability.', A system
having at least a simple resolving ability, i.e., distinjuiihing two
targets, would, no doubt require more fences and a complicated computer.

Although the present system does not have lateral resolving ability,
it has a certain amount of time resolving ability. Thus if the maximum
time of transit from the first detector to the shaped-charge jet fence is
T, and the reset time of the cumiputer is Tr, then the' resolving time TR
is

TR = T4 + Tr

Equation (95) means that if two targets are separated in time, that is
one following the other by the iuterval TR -hen the Dash-Dot Sensing
System can discern them as separate targets. with the computer effectively
performing the necessary computations.
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WALL/

OUTRIGGER (TYP)

FENCES

- u SHAPED CHARGE

*DETECTOR

Figure 10. Overlapping ,, Systems to Protert Cornerh.
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6. SP"('IAL ARRANGEMENTS OF DASH-DOT SMUIS!G SYSTEM

Pesides serving as a means to protect a well from damage, various
arran~,ements of one or more Dash-Dot Sensing Systems can be used to
minimize or eliminate damage to the systems themselves and to corners
of fortifications, vehicles and vessels. Figure 10 illustrates an
arrangement of Dash-Dot Sensing Systems to provide protection to the
corner of a structure. !n this arrangement, the two systems over-
lap each other at the coLnuer. Thus a target approaching the corner
will be intercepted by at least one of the systems.

A Dash-Dot Sensing System using out-riggers to support the fences
is vulnerable to possible direct hits and also, if used on vehicles, to
collisions with protruding objects such as trees, tree stumps, boulders;
barriers, etc. To eliminate these possibilities and render at least
only part of the system v-alnerablc, .n arrangement vith respect to a
wall Is shown in Figure 11. Here the system is flush mounted on the
vall or embedded in the wall. This arrangement still leaves the
various parts of the system separately vulnerable. To provide, more

or less, complete protection fc- such a system, two such systems could
be arranged es shown in Figure 12. Here the two systems not only
protect the wall, but also provide protection to each other from a
directly approac •ng targ.et.

It is to be observed that of the varibf, %rmament and detector
ca as--sing System, an arran~ement as illustrated in

Figure e2a is more effective in protecting 5
b vall than such arrangements as

illustrated in Pigures 2b and ?c.' This is so since the system oJf

Figure 2a can determine the positions of a target up tO the ends of the
fenices, whereas the systems in Figures Zb and 2c can not do so. In
Figures Zb and 2c, if a target passes near the end of a fence it is seen
that only part of the detectors observe the passage. To determine the
point of passage, the equations for the point require the obserwvtion
from two directions.
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8. APPENDIX

8.1 Determination of the Target Trajectory

The determination of a target trajectory by a Dash-Dot
Sensing System is based upon using, at most, four fences formed by the
spaces observed by four rows of photosensitive detectors. In this
appendix, the fences will be idealized, that is assumed to have
infinitesimal thicknesses, and referred to as planes. If there exist
relationships among the coordinates of each position of passage of the
planes, then in general, there are three methods by which the tra-
jectory may be determined. The three methods resolve themselves upon
he fact that in each method the projections on a given coordinate

Tiane of the directions of observation of the detectors in two of the
planes are paraellcl.

8.2 First Method for Deterwizing the Trajectory-

The basis of the first me~thbd for determining the target
trajectory is the relationship existing between the x- and z-coordinates

of each position of passage of the planes. The first method may be
31-arized in the following theorem:

.T.eore 1: A t . --.. raversing a retilinear traijectory with
uniform speed. The y-coordinates of th'e positions of the activated
detectors in the planes and the times of passage of the planes of a set
of pl....e. All thc pla= -... the set are pArallel to the
y..axis. To determine the trajectory of the target, it is in general
Snecessary and sufficient to have the set of planes composed of, at most,
four, noncoincident planes of which two are parallel to each other and
the remaining two are transverse.

This theorem is a special case of the system as illustrated in
Figure 1, in which any two of the detector fences or planes are made par-
allel to each other, e.g., a2 = co. The necessary and sufficient condi-
tion is illustrated in Figure 3. Since the trajectory is by assumption
a straight line along which the missile is moving at uniform speed,
then the theorem is thus equivalent to the determination of a straight line
along which distances are proportional to the time required by the target
(point target) to traverse those distances. Before -roving the theorem,
the following lemma will be proved:

Lemma I: Three, noncoincident planes, parallei to the y-axis with
one of the planes being transverse to the other two, divide a transverse
line into a given ratio. For the x- and z-coordinates of the point of
intersection of the line and the transverse plAnc to be independent of the
point6 of intersection of the line and the other two planes, it is necessary
and sufficieut for the two planes to be parallel to each other.
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Proof of Lemma I: (Refer to Figure 13). Let the parametric
equations of the straight lin- be

D" ' D '

where X, g, and v are the direction cosines of the line with reference
to the x, yf and z axes, recpectively. Without loss of generality,
the equations of the three planes may be taken as

x = s + z tan 0 "plane

xI = sl + zI tan a, al-plane (2)

x= 2 X2 + z2 tEr a2 o2-plane,

where a + ao0 ,•al + a2 :and so + 2 but s6 is unrestricted. Let the
distance along the line from the point POM (XO' YO' Zo), the point of

intersection of the line and to the point P1 - (Xl'

Yl' z!)' the point of intersection of the line and the secoryd plane, be Do,;

similarly' let-the distance. from,- to, P (x2I Y2' z2)1 the point

of intersection of the line and the third plane, be D Then

1(5)D01k a -,( )DI

where k is the given ratio.

Using the firsttwo points on th- " ne, given by the first two
equations of equations (2), the first of equations (1) may be written

a 1 + z1  tan a,- (b0 + z0  n%) (1)

and with the second and third points, given by the second and third
equations of equations (2),
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s2 +z 2 tan .- (s, +zztana,)S= (5)
D12

With the third of equations (1), there is-obtained

zI - z00 (6)
Do,

and
z 2-ZIz2-_1 (7)
D12

Equating the right members of equations (i) and (5) and using the
relationship expressed in equation (5), then

s+ zI tan aC,- (so +z0 tano)•=kx. (8)
S2 z2 tan - (sl+zl tan Z1)

Equating the right members of equations (6) and (7), using equations
(3),(• -• solving for z 0 ,

(9)

Equations (8) and (9) are two independent relationships involving
the four variables zo, Zl, z2 and k. In each equation, if any three

of the variables have given values, then the fourth in determined.
Cons'idering the two equations simultaneously, then upon eliminating
one of the variables, the resulting equation involves only the remain-
ing three variables. Any two of these variables may be taken as the
independent ones with the third being the dependent variable. In what
follows, zI is taken as the dependent variable, and z2 and k as the
independenu ones. Upon substituting the value of zo from equation (9)
into equation (8), and solving for Zl,

so- sI (1 + k) + s2 k' - tan k i - tan (0
1 = (1 + k)(tan a1 - tan a,)+ z2  (1 + k)(tan a,- tan aO)

To show, that it is sufficient to have the tvo planes parallel for z1
to be independent of z2 and consequently independent of x2 , let a2 = '0"

Then from equation (10), it is seen that
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sO -0 6 (1 + k') + s 2 k 01

1 0 (1 + k)(ta•n o - tan a i()

which doez not depend upon z 2 or x2 . Since x, is related to z,

as shown by the second of equations (2), then xl is likewise inde-

pendent of x2 and z2. Also, xI and z, are independent of x. and Zo,

since they do not appear in equation (i1).

To, show that it is necessary to have the two planes parallel if
x-c and zI are independent of x2 and z 2 , write equation (1o) for two

values of z2.

z A + B (tan a 2 - tan %i) z2 ' (12)

z A + B (tana 2 - tan a0 ) z 2 , (15)

where

s0 - aI ( + k) + s2 k ()(I + k)(tan a, - tan a)(

and
k

B -- ---.-- (15)

Upon subtracting equation (13) from equation (12),

0 = B (tan a2 - tan ao)(zo' - z2;'). (16)

Since B is aot equal tc zero, and z2' is not equal to. " the ft

the right member of equation (16) to be equal to zero, O• must equal

a.0 or differ from it by nx radians, where n is an inteu!r. Either

condition means that the two planes are parallel.

Proof of Theorem I:To prove the theorem, take three of the planes
o0' which two are parallel to each other and the third transverse.
Since distances along the straight line trajectory are proportional
to the times required by the missile (point missile) to traverse those
distances, that is

D =V (t - t'),m
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thien Lhe dictance al~ong the straight line between the f'irst parallel
plane and the trancverre plane in

* 1) =V M(t 1 t 0 ). (8

If the transverse plane Is eranued first, then the timies must be
interclunged, since distances along the trajectory are taken as
positiv'ý. The distance along, tj~he straiglit line trajectory between
the tremipverue plaip and the. scond parallel plane to

D ~V (t -t12 m 2

Dlv hi rig equat I on (1 M) t'by oqufit In (19), Rill unAI1g vquation (~

o) t t

where, k U;a the ratio Into whir~h the lrine lo divided by the trnsverse
p~n-le. At; ueett f'x'cn vquA~tJ(Yfi (2tl) thin ratio can be determin I from
the tjtmev of pa!,f age of' the plinen by the mitiol Le. fising the lemma
an given by tquation (LI) ondt the value. of k ash give,'3 by equation (20),
It '1 In IJ'CYI that, Lhe z I - -wrliaeo it oti.t on the 'traight 11e a
be~ dutverairicil Lrm~n tkiý trimer (;X Viug of thrt pJ~nr6, An Y is e

t-4 tý;z ty Q." '-,.cndv 4 pndAltlonso ,(., then.J 1l. e" lau be found.

KXIowlrift, tthe z-coorctinunr (if' a poult cin thc trnjceýtory, it )-rW R
ri.!Lat~v A emjdle mat Lev to otttti r the y-.oordinate . AMOUMP that the
kxeu of' t~he 00etvttoin !iti m. Aven plane, which tare parallel to each
other, marjke ti angle ý) wI h +.,, xz-piLnto. Au seen ft~n Figuve 4,

wliere: y" In the (eooriinral.e (,f' t.fke ret.ectur thtv, )bnervee the rp1Diage
or' tviet ian~ile arid p it; the tilt; twtiov, In the~ pjiane determIned by the
deU icc t~or'a* froim Lhe xy-pýtno to thel 1pont. of iv tege * Now

whe re o:1 iti the! targlfe whi el the p1 nn ae n with the yx- p1 ane. nt'fuht I -
totltog thleVJIU- v (ile Dfi fro2M LIaU10tloN ("1;1 finto -.Žqtlatlorr ('021),

,4hICI cih tthe I-or iriftI,(1 (f the po tLeor (if' patnu&,j( ý,f' glvent plant,,
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knowi•in the z-coordlnatr of passage and the y-coordinate of the
activaLed detector. Thus a point on the straight line is deter-
mined, knowing the times of passage of the planes and the position
of the activated detectors in the transverse plane.

Usingr the two parallel planes and the rermaining transverse
plane, a second point on the trajectory is li'keiise determined. Thus
to determine the trajectory, it is in general, iece,;zary and. sufficient
to have at least four, noncoincident planes parallel to the y-axis of
which two are parallel to each other and the i. ;nlning two are trans-
verse, since two points are necessary and sufficW nt to determine the
position of a straight line.

8.3 Second Method for Determining the Traectogr

The basis of the second method for determiniiig the target
trajectory is the relationship existing between the x- and y-coordinates

' each -it.i.nofn na" faryd- nf the pn.1ne;. Tn im-nlelt foi'm; this

relationship is
sinaf 2 (X,y) =x - - (y -y") sin I 0 (4

which is obtained by eliminating z between equation (25) and the general
form of equations (2). The second method may be surmmarized in the fol-
lowing theorem:

Theorem !I. A target is traversing a recLiiineur trajeetory
wiLh uniform upeed. The y-cowrdirliuL- of the po~itiozof the activated
detectors in the planes and the times of passage of a set of planet; %re
observed. All the planes of the set are parallel to the y-axis. To
determine the trajectory of the target, it is,in -eneraL;r.cceF.6ary and
sufficient to have the set of planes composed of' at least four, non-
coincider planes for which two of the planes satisfy the condition:

tan tan
sin a -=0. (25)sin 0- G n % o

The necessary and sufficient condition for theoi"cm II as well as
lea.r IT is illustrated in Fiture 5. As with theorem _. theorem II depends
upon a lemma which may be stated:

Lemma II. Three, noncoincident planes, parallel to the y-axis,
divide a transverse line into a given rati(2. Yor the x- and z-coordinates
of the point of intere!cLion of the line end one of the planes to -:: ".nde-
pendent of the x- and .. !uxtes of the points of intersection of the
line and the other two planes, it is in general, necessary and sufficient
for the two planes to satisfy the condition:
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tan *2 tanto
-0 (26)si n a., sin a0

Proof of Lenmma II. (Refer to Figure 13). Using the rela-

tionship betieen the x- and y-coordinates, equation (2h),

f 2 (xy) x - s - (y - y,,)sn a 0,

the first two equations of equations (W),

. x - x _ Y

and proceeding as with lemma I, there is obtained
tanW tan -j tiSYo-Y k'So•'n-- + l(+k) s2k

y"-y" (l-rk) + yks 1k) t) Sin cij 1 in a- 2 sin a,2
xl (l~k)tan Tj~ tan 1J~

ýsi n a1  sin oro)

S+ x k sin q (28)
2 ( taniuksin ai sin %O)

inus it is Been) foeu A " 1 z %i i.2-- . . . .-- -- __

z that it is, in general, necessary and sufficient for

tan t 0. (29)
s in a2  sin ao

The proof of theorem II is similar to that for theorem I. By using the

second equation of equations(2) with equation (28), the zl-coordinate can

be obtained. The yl-coordinate is obtained by substituting the value of

x1 from equation (28) into equation (24). The coordinates of a second point

on the line are obtained by using a fourth plane with the first and third

planes.

8.3.1 Special Case for Determining the Trajectory.

When ai = 0and s1 -> s, then k -> 0, giving for equation

(28)

X = -O + Ya I tan O- sin a0. (30)
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Substituting xfrom equa~ion (10) into equation (?)I),

0Y 1 ta:5tan C

the nueiuij 'x, into the oecond equa ton of' equati-.)o (2tirsf3

I1  an tan f4

:1mmilar exv ,ýonE; cu be writte-n f'ui P - ('x, y5 z 1) n(4, r

p~lflt M)" I( trajectOi'y.

Ulo badei of thte t411-1 method f'or determining the target
trujectui' io the rejlatlonuhip extoting between the y- luni 7-coordliuiteu
ol' each poe 1 Lluiio f puneapt- i-f' tht,' plan~cý. In Implii lt, form, thls

f~ (Y"') -y- y" - a~ '0a

whh n ir otained ,by reurranglnp. equation (~5, The, third; method.,
mfty Ie ctuwinwl'zed In thre folicowing theorL'm,

Tj'aIII. A targ.et It; traveraing it re-Aiinvar traje(Atory
with unilform rnneetl.' 1'he y-eoordilnoiteu of the puui Lionu of' tile activated
fjý teclxrli in trr pianms find the timeia uT pauutte! ul- nt btirU ufplz

tare utuervtd, Ail- the piwiecs of the L;ct are parallel to the y-ayifj.
To deter~hinv the 'tr ,ajflctory of' the target. It is, in genoral. n~cesuary
tand cufficienlt to have the ksýt of planen (,ompnfied of ýut leogt four,
rejronnuldelient tjlaheviý or which two olr the Plunez catis~fy the c6nd-ition:

"11l tali.

cop ciý, Cou UO

'Me zie~bieary ari'i CuffleIc -itt c-ondi Lion of' theorem II1 au.- well
ant lefrmanu11 6 ill i iuutrute In I~IIFgure 6. 'Au with theor'eii ti an II,
Utheorem III dependu upon a lemma which may be atated thue:

Lemma !III. Three, noiioiziciderit planes, parallel, to the y-axifi,
dlivide a trL vzrvctu Line into a givpn rittlo. For the x- and 7.-coordinalteu
of the pointb of' Intersection of the line ttnd one. of the plan*en to lie tnd(*-
po-ndent; of the x- and z-ecoordltwten of the pointoi di' intersection of. the
line "~d tho ot~her two plitnec, it ILI in general, ne(2ecuary awi euulficlent
for the two planes to E~avtify the condition-.
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ta n o2 tan to =0. (35)

Cos C0 B a.,

Proof of Lemma III. (Refer to Figure 13). Using the rela-
tionship between the y- and z-coordinates, equation (33)

f5 (y'.z) =y-y",_-z -- =0,

3 Cos a

the second and third equations of equations (1),

D = D Z (36)

and proceeding as with lemma I, there is obtained

o___co_2_kcos ao
(li k (tan~T tan -+2 / tan 11 tan 0
=(1+k)• z (l+k) ()

S\cos 0_ \ cos a, cos a

Thus it is seen for z and xI to be independent of z2 and consequently

x2, that it is,in general, necessary and sufficient for

ta 6 tan *, -. -, --- = u. (38)
Cos a2  cos a0

The proof of theorem III is similar to Lhlat of theorem I. The x1-
coordinate is obtained by using the second equation of equations (2),
and the y -coordinate is obtained by substituting z1 from equation (37)
into equation (33). The coordinates of a second point, P3  (x"y"z3 )

are obtained by using a fourth plane with the first and second planes.

8.4.1 Special Case for Determining the Trajectory.

When a, = ao and sl -> so, then k-> 0, giving

z = n -t cosO. (39)

Substituting Zl, from equation (39), into eque~tion (33),

"+ = -" + -'-- -,•1 - tan ;(40)Yl 1 l tan 11' -ta-n f0
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Substituting zI into the second of equations (2),

x s + yo - yl i (1
0 tan • 1 "tan si % (41)

Similar expressions can be written for P. A (x3, Y z), a second

point on the trajectory. W 3 s 3

8.5 Comment on the Various Methods for Determining the Trajectory.

For the general case, method I requires only two rows of special
detectors. By special is meant that the detectors are so designed that
when one is activated its positior is known; this is in addition to ob-

serving the time of activation. Thc other two rows of detectors need
observe only the time of passage.

The special cases of methods II and III are identical. These

cases require two coincident rowa of spe l detectors for the determin-
ation of each of the two points of the trajectory. This arrangement can

be simplified by designing the detectors to observe in two directions,

which are th-e tv ifferent angles of * involved. By making the angles
equal in magnitude, but opposite in sign, the amount of information re-
quired to be analyzed by the computer is reduced. Thus if *I - '

x 8l + 1o X-y~L sin1 0 2 tan P

y A +(42)
1l 2

Z A -8Cos c0o1 2 tan To

for the first determined point P1 on the trajectory. If = -T2'

then
s n a

3 2 + f 2 tan F2

y3 P (43)

I xyt yl cos
3 2 tan

for the second determined point P3 on the trajectory.
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